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Abstract: Based on the theory of positive systems, the

goal of interval observers is to compute sets of admissi-

ble values of the state vector at each instant of time for

systems subject to bounded uncertainties (noises, distur-

bances and parameters). The size of the estimated sets,

which should be minimised, has to be proportional to the

model uncertainties. An interval estimation can be seen

as a conventional point estimation (the centre of the in-

terval) with an estimation error given by the interval ra-

dius. The reliable uncertainties propgation performed in

this context can be useful in several fields such as robust

control, diagnosis and fault-tolerant control. This paper

presents some recent results on interval observers for sev-

eral dynamical systems classes such as continuous-time

and switched systems.
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1 Introduction

The problem of state vector estimation is very challenging

and can be encountered in many applications [1, 2, 3]. For

linear time-invariant models there are plenty solutions,

among them the most popular are the Luenberger ob-

server and Kalman filter for deterministic and stochastic
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settings, respectively. Among other popular solutions for

estimation, it is worth to mention high-gain observers [4]

and high order sliding mode observers/differentiators [5].

In the nonlinear case, observers or controllers design is

based on transformations of the system into a canonical

form (frequently close to a linear canonical representa-

tion [1, 2, 3]). Since such a transformation may depend

on uncertain parameters or may be unknown due to the

model complexity, then the application of a transforma-

tion may be an obstruction in practice. The reader can

refer for instance to the survey [6] on the application of

different observers for control and estimation of nonlinear

systems. In this context, the class of Linear Parameter-

Varying (LPV) systems became very popular in applica-

tions: a wide class of nonlinear systems can be presented

in an LPV form (in this case the system equations are ex-

tended). A partial linearity of LPV models allows a rich

spectrum of methods developed for linear systems to be

applied [7, 8, 9, 10].

In several fields, such as networked control systems,

electrical devices/circuits and congestion modeling [11],

switched systems appear as interesting modeling tools,

that can be more accurate than LPV models, to take

into account some complex physical behaviours. These

systems are one of the most important classes of Hybrid

Dynamical Systems (HDS). They consist of a family of

continuous and discrete-time subsystems and a switching

rule orchestrating among them. At each time, only one

subsystem is active. Several works treated switched sys-

tems such as [12], [11].

In addition to models complexity, another difficulty

for an estimator design consists in the model uncertainty

(unknown parameters or/and external disturbances). In

the presence of uncertainties, the design of a conventional

estimator, converging to the ideal value of the state, may

be hard to be realized. Application of sliding-mode tools

[13] or other disturbances cancellation approaches may
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solve this issue in some cases, however, in general, in

the presence of uncertainties, the state estimation error is

never approaching zero (it can be bounded or asymptoti-

cally bounded, and different versions of practical stability

are used for analysis). In this case an interval estimation

may still remain feasible: an observer can be constructed

that, using input-output information, evaluates the set

of admissible values (interval) for the state at each in-

stant of time. The interval width has to be minimized

by tuning the observer parameters, and should be pro-

portional to the size of the model uncertainties. Despite

such a formulation looks like a simplification of the state

estimation problem (instead of the actual state, an inter-

val is estimated), in fact it is an improvement since the

interval centre can be used as a state pointwise estimate,

while the interval width gives the admissible deviation

from that value. Thus, an interval estimator provides an

accuracy evaluation for bounded uncertainties that may

not have known statistics [14, 15, 16, 17, 18]. This idea

has been initially proposed in [19] and recently extended

to several classes of dynamical systems.

This paper constitues a non-exhaustive overview of

recent results on interval observers which form a subclass

of set-membership estimators and whose design is based

on the monotone systems theory [16, 18, 20, 21, 22]. Only

the case of continuous-times systems is considered, the

reader can refer for instance to [23, 24, 25, 26, 27, 28] for

the case of discrete-time systems.

In such a way the main restriction for interval ob-

servers design consists in providing cooperativity of the

interval estimation error dynamics by a proper design.

Such a complexity has been overcame in [29, 21, 30] for

Linear Time-Invariant (LTI) systems and extended to

Linear Time-Varying (LTV), Linear Parameter-Varying

and some particular classes of nonlinear systems. In those

studies, it has been shown that under some mild condi-

tions, by applying a similarity transformation, a Hurwitz

matrix could be transformed to a Hurwitz and Metzler

one. In the following, the main ideas of interval observers

design are explained for different classes of systems.

2 Preliminaries

Real and integer numbers sets are denoted by R and Z

respectively, R+ = {τ ∈ R : τ ≥ 0} and Z+ = Z∩R+. The

Euclidean norm for a vector x ∈ R
n will be denoted as

|x|, and for a measurable and locally essentially bounded

input u : R+ → R, the symbol ||u||[t0,t1] denotes its L∞

norm ||u||[t0,t1] = ess sup{|u(t)|, t ∈ [t0, t1]}. If t1 = +∞,

then we will simply write ||u||. We will denote as L∞ the

set of all inputs u with the property ||u|| < ∞. Denote the

sequence of integers 1, ..., k as 1, k. The symbols In, En×m

and Ep are the identity matrix with dimension n × n

and the matrix with all elements equal 1 with dimensions

n × m and p × 1, respectively. Finally, denote by ||A||2
the induced L2 matrix norm.

2.1 Interval relations

For two vectors x1, x2 ∈ R
n or matrices A1, A2 ∈ R

n×n,

the relations x1 ≤ x2 and A1 ≤ A2 are understood el-

ementwise. The relation P ≺ 0 (P ≻0) means that the

matrix P ∈ R
n×n is negative (positive) definite. Given a

matrixA ∈ R
m×n, defineA+ = max{0, A}, A− = A+−A

(similarly for vectors) and denote the absolute value of a

matrix by |A| = A+ + A−.

Lemma 1. [22] Let x ∈ R
n be a vector satisfying x ≤

x ≤ x for some x, x ∈ R
n.

(1) If A ∈ R
m×n is a constant matrix, then

A+x−A−x ≤ Ax ≤ A+x−A−x. (1)

(2) If A ∈ R
m×n is an uncertain matrix verifying

A ≤ A ≤ A for some A,A ∈ R
m×n, then

A+x+ − A
+
x− −A−x+ +A

−
x− ≤ Ax (2)

≤ A
+
x+ −A+x− −A

−
x+ +A−x−.

Furthermore, if −A = A ≤ 0 ≤ A, then the inequality (2)

can be simplified: −A(x+ + x−) ≤ Ax ≤ A(x+ + x−).

2.2 Nonnegative continuous-time linear
systems

A matrix A ∈ R
n×n is called Hurwitz if all its eigenval-

ues have negative real parts, it is called Metzler if all its

elements outside the main diagonal are nonnegative. Any

solution of the linear system

ẋ = Ax+Bω(t), ω : R+ → R
q
+, ω ∈ Lq

∞, (3)

y = Cx+Dω(t),

with x ∈ R
n, y ∈ R

p and a Metzler matrix A ∈ R
n×n,

is elementwise nonnegative for all t ≥ 0 provided that

x(0) ≥ 0 and B ∈ R
n×q
+ [31, 32]. The output solution

y(t) is nonnegative if C ∈ R
p×n
+ and D ∈ R

p×q
+ . Such

dynamical systems are called cooperative (monotone) or

nonnegative if only initial conditions in R
n
+ are considered
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[31, 32]. The stability of a Metzler matrix A ∈ R
n×n can

be checked verifying a Linear Programming (LP) problem

ATλ < 0

for some λ ∈ R
n
+ \ {0}, or a Lyapunov matrix equation

ATP + PA ≺ 0

for a diagonal matrix P ∈ R
n×n, P > 0. The L1 and L∞

gains for nonnegative systems (3), i.e. gains of transfer

function from input to output in different norms, have

been studied in [33, 34], for this kind of systems these

gains are interrelated.

Lemma 2. [33, 34] Let the system (3) be nonnegative

(i.e. A is Metzler, B ≥ 0, C ≥ 0 and D ≥ 0), then it is

asymptotically stable if and only if there exist λ ∈ R
n
+\{0}

and a scalar γ > 0 such that the following LP problem is

feasible:
[

ATλ+ CTEp

BTλ− γEq +DTEp

]

< 0.

Moreover, in this case, the L1 gain of the operator ω → y

is lower than γ.

Lemma 3. [33, 34] Let the system (3) be nonnegative

(i.e. A is Metzler, B ≥ 0, C ≥ 0 and D ≥ 0), then it is

asymptotically stable if and only if there exist λ ∈ R
n
+\{0}

and a scalar γ > 0 such that the following LP problem is

feasible:
[

Aλ+BEq

Cλ− γEp +DEq

]

< 0.

Moreover, in this case, the L∞ gain of the transfer ω → y

is lower than γ.

The conventional results and definitions on L2/L∞ sta-

bility for linear systems can be found in [35].

2.3 Nonnegative systems with delays

Consider a linear system with constant delays

ẋ(t) = A0x(t) +

N
∑

i=1

Aix(t− τi) + ω(t), (4)

where x(t) ∈ R
n is the state, xt ∈ Cn

τ for τ =

max1≤i≤N τi where τi ∈ R+ are the delays (Cτ =

C([−τ, 0],R) is the set of continuous maps from [−τ, 0]

into R, Cτ+ = {y ∈ Cτ : y(s) ∈ R+, s ∈ [−τ, 0]}); a piece-

wise continuous function ω ∈ Ln
∞ is the input; the con-

stant matrices Ai, i = 0, N have appropriate dimensions.

The system (4) is called cooperative or nonnegative if it

admits x(t) ∈ R
n
+ for all t ≥ t0 provided that xt0 ∈ Cn

τ+

and ω : R → R
n
+ [36].

Lemma 4. [37, 36] The system (4) is nonnegative for all

τ ∈ R+ iff A0 is Metzler and Ai, i = 1, N are nonnegative

matrices.

3 Interval observers for LTI
systems

Let us start the line of design of interval observers with

the simplest cases of time-invariant linear models.

Consider the following system

ẋ(t) = Ax(t) + d(t), y(t) = Cx(t) + v(t), t ∈ R+ (5)

where x(t) ∈ R
n is the state, y(t) ∈ R

p is the output;

d(t) ∈ R
n is the disturbance, d ∈ Ln

∞; v(t) ∈ R
p is the

measurement noise, v ∈ Lp
∞; the matrices A, C have ap-

propriate dimensions. This system has three sources of

uncertainties: initial conditions for x(0) and instant val-

ues of d and v. It is assumed that all these uncertain

factors belong to known intervals.

Assumption 1. Let x(0) ∈ [x0, x0] for some known

x0, x0 ∈ R
n; let also two functions d, d ∈ Ln

∞ and a con-

stant V > 0 be given such that

d(t) ≤ d(t) ≤ d(t), −V Ep ≤ v(t) ≤ V Ep ∀t ≥ 0.

Using the available information, the goal is to calculate

two bounds x, x ∈ Ln
∞ verifying

x(t) ≤ x(t) ≤ x(t) ∀t ≥ 0. (6)

An interval observer, composed of two conventional ones,

is a solution to this problem:







ẋ(t) = Ax(t) + L[y(t) − Cx(t)] − |L|EpV + d(t),

ẋ(t) = Ax(t) + L[y(t) − Cx(t)] + |L|EpV + d(t),

x(0) = x0, x(0) = x0,

(7)

where L ∈ R
n×p is the observer gain to be designed. The

conditions to satisfy for L are given in Theorem 1.

Theorem 1. [19] Let Assumption 1 hold, the matrix A−

LC be Metzler and x ∈ Ln
∞, then the solutions of (5)

and (7) satisfy the relations (6). In addition, x, x ∈ Ln
∞

if A− LC is Hurwitz.

In the following only the proof of this theorem is given as

an illustration.
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Proof. Define two estimation errors

e(t) = x(t) − x(t), e(t) = x(t) − x(t),

which yield differential equations:

ė(t) = [A− LC]e(t) + Lv(t) + |L|EpV + d(t) − d(t),

ė(t) = [A− LC]e(t) − Lv(t) + |L|EpV + d(t) − d(t).

By Assumption 1, for all t ≥ 0

|L|EpV ± Lv(t) ≥ 0, d(t) − d(t) ≥ 0, d(t) − d(t) ≥ 0.

Since all inputs of e(t), e(t) are positive and e(0) ≥

0, e(t) ≥ 0, if A − LC is a Metzler matrix, then e(t) ≥

0, e(t) ≥ 0 for all t ≥ 0 [31, 32]. The property (6) follows

from these relations. Similarly, since all inputs of e(t), e(t)

are bounded, if A − LC is Hurwitz, then e, e ∈ Ln
∞ and

the boundedness of x, x is implied by the same property

of x.

From this proof we can conclude that the idea to design

an interval observer is to guarantee the nonnegativity of

the estimation error dynamics. Therefore, the observer

gain L has to be designed such that the matrix A−LC is

Metzler and Hurwitz. In addition, in order to optimize the

width of the estimated interval [x(t), x(t)] the problem of

L1 or L∞ optimization of that gain value can be posed.

Using lemmas 2 and 3 this problem can be formulated

as a LP computational procedure. In the case of a L1

optimization, it is necessary to find λ ∈ R
n, w ∈ R

p and

a diagonal matrix M ∈ R
n×n such that

[

ATλ− CTw +En

λ− γEn

]

< 0,

λ > 0, M ≥ 0, (8)

ATλ− CTw +Mλ ≥ 0,

then w = LTλ [38]. The reader can also refer to [39] for

another LP problem formulation and solution for a more

generic LPV system, and to [40] for a H∞ oprimization

procedure.

Formulation (8) provides an effective computational

tool to design interval observers, however, it is only a suf-

ficient condition and in some cases, this LP problem may

have no solution, but it does not imply that it is not pos-

sible to design an interval observer. Roughly speaking in

this case it is not possible to find L such that A− LC is

simultaneously Metzler and Hurwitz. However, it is well

known that Hurwitz property of matrices is preserved un-

der similarities transformation of coordinates. Then, to

overcome this issue, it is possible to design a gain L such

that the matrix A − LC is Hurwitz and next to find a

nonsingular matrix S ∈ R
n×n such that, in the new coor-

dinates z = Sx, the state matrix D = S(A− LC)S−1 is

Metzler (it is Hurwitz by construction). The conditions

of existence of such a real transformation matrix S are

given in the following lemma.

Lemma 5. [21] Given the matrices A ∈ R
n×n, D ∈

R
n×n and C ∈ R

p×n. If there is a matrix L ∈ R
n×p such

that A−LC and D have the same eigenvalues, then there

exists a matrix S ∈ R
n×n such that D = S(A− LC)S−1

provided that the pairs (A − LC,χ1) and (D,χ2) are ob-

servable for some χ1 ∈ R
1×n, χ2 ∈ R

1×n.

Note that (5) can be rewritten as follows:

ẋ(t) = (A− LC)x(t) + Ly(t) − Lv(t) + d(t).

Under the conditions of this lemma and in the new coor-

dinates z = Sx, the system (5) takes the form:

ż(t) = Dz(t) +SLy(t) + δ(t), δ(t) = S[d(t) −Lv(t)]. (9)

And using Lemma 1 we obtain that δ(t) ≤ δ(t) ≤ δ(t),

where δ(t) = S+d(t) − S−d(t) − |SL|EpV and δ(t) =

S+d(t)−S−d(t)+ |SL|EpV . For the system (9) all condi-

tions of Theorem 1 are satisfied and an interval observer

similar to (7) can be designed:

ż(t) = Dz(t) + SLy(t) + δ(t),

ż(t) = Dz(t) + SLy(t) + δ(t),

z(0) = S+x0 − S−x0, z(0) = S+x0 − S−x0,

x(t) = (S−1)+z(t) − (S−1)−z(t), (10)

x(t) = (S−1)+z(t) − (S−1)−z(t),

where the relations (1) are used to calculate the initial

conditions for z, z and the estimates x, x. It is easy to

show that in (10) the inclusion (6) is satisfied and x, x ∈

Ln
∞.

If conditions of Lemma 5 are not satisfied, then it is

possible also to find a time-varying change of coordinates

[29, 30], for instance, based on the Jordan canonical form,

as in the next lemma.

Lemma 6. [29] Let A−LC be Hurwitz, then there exists

an invertible matrix function P : R → R
n×n, of class C∞

elementwise, ||P (t)||2 < +∞ for all t ∈ R, such that for

all t ∈ R

Ṗ (t) = DP (t) − P (t)(A− LC),

where D ∈ R
n×n is a Hurwitz and Metzler matrix.
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4 Interval observers for
time-delay systems

Consider the system (4) with an output y ∈ R
p subject

to a bounded noise v ∈ Lp
∞:

y = Cx, ψ = y + v(t), (11)

where C ∈ R
p×n. Below the relation a ≤ b for a, b ∈ Cn

τ

is understood in the sense that a(θ) ≤ b(θ) for all θ ∈

[−τ, 0].

Assumption 2. Let x ∈ Ln
∞ with x0 ≤ xt0 ≤ x0 for

some x0, x0 ∈ Cn
τ ; ||v|| ≤ V for a given V > 0; and

ω(t) ≤ ω(t) ≤ ω(t) for all t ≥ t0 for some known ω, ω ∈

Ln
∞.

In this assumption it is supposed that the state of the

system (4) is bounded with an unknown upper bound,

but with a specified admissible set for initial conditions

[x0, x0]. The uncertainties of the system are collected in

the external input ω with known bounds ω, ω, in the mea-

surement noise v and in the initial conditions [x0, x0].

As it is shown above, interval observers have an en-

larged dimension (the examples given above have 2n vari-

ables to estimate n states). Thus, design of reduced order

interval observers is of a big importance for applications.

A reduced order interval observer for time-delay system

(4), (11) has been proposed in [41, 42], those ideas are

explained below.

For the system (4), (11) there exists a nonsingular

matrix S ∈ R
n×n such that x = S [yT zT]T for an aux-

iliary variable z ∈ R
n−p (define S−1 = [CT ZT]T for a

matrix Z ∈ R
(n−p)×n), then

ẏ(t) = R1y(t) +R2z(t) +
∑N

i=1[D1iy(t− τi)

+D2iz(t− τi)] + Cω(t),

ż(t) = R3y(t) +R4z(t) +
∑N

i=1[D3iy(t− τi)

+D4iz(t− τi)] + Zω(t)

(12)

for some matrices Rk,Dki, k = 1, 4, i = 1, N of appropri-

ate dimensions. Introducing a new variable w = z−Ky =

Ux for a matrix K ∈ R
(n−p)×p with U = Z −KC, from

(12) the following equation is obtained

ẇ(t) = G0ψ(t) +M0w(t) +

N
∑

i=1

[Giψ(t− τi) +Miw(t− τi)]

+ β(t), β(t) = Uω(t) −G0v(t) −

N
∑

i=1

Giv(t− τi),

(13)

where ψ(t) is defined in (11), G0 = R3 − KR1 + (R4 −

KR2)K, M0 = R4 − KR2, and Gi = D3i − KD1i +

{D4i −KD2i}K, Mi = D4i −KD2i for i = 1, N . Under

Assumption 2 and using the relations (1) the following

inequalities follow:

β(t) ≤ β(t) ≤ β(t),

β(t) = U+ω(t) − U−ω(t) −

N
∑

i=0

|Gi|EpV,

β(t) = U+ω(t) − U−ω(t) +

N
∑

i=0

|Gi|EpV.

Then, a reduced order interval observer can be proposed

for (4):

ẇ(t) = G0ψ(t) +M0w(t) +

N
∑

i=1

[Giψ(t− τi) +Miw(t− τi)] + β(t),

(14)

ẇ(t) = G0ψ(t) +M0w(t) +

N
∑

i=1

[Giψ(t− τi) +Miw(t− τi)] + β(t),

w0 = U+x0 − U−x0, w0 = U+x0 − U−x0.

The applicability conditions for (14) are given below.

Theorem 2. [41] Let Assumption 2 be satisfied and the

matrices M0, Mi, i = 1, N form an asymptotically stable

cooperative system. Then x, x ∈ Ln
∞ and

x(t) ≤ x(t) ≤ x(t) ∀t ≥ 0,

where

x(t) = S+[y(t)T z(t)T]T − S−[y(t)T z(t)T]T, (15)

x(t) = S+[y(t)T z(t)T]T − S−[y(t)T z(t)T]T,

y(t) = ψ(t) − V, y(t) = ψ(t) + V, (16)

z(t) = w(t) +K+y −K−y, z(t) = w(t) +K+y −K−y.

The main condition of Theorem 2 is rather straightfor-

ward: the matrices M0, Mi, i = 1, N have to form a sta-

ble cooperative system. It is a standard LMI problem to

find a matrix K such that the system composed by M0,

Mi, i = 1, N is stable, but to find a matrix K making the

system stable and cooperative simultaneously could be

more complicated. However, the advantage of Theorem

2 is that its main condition can be reformulated using

LMIs following the idea of [43]. If the LMIs given in [41]

are not satisfied, the assumption that the matrix M0 is

Metzler and the matrices Mi, i = 1, N are nonnegative

can be relaxed using Lemma 5. This approach can also
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be applied to the system (4) with time-varying and un-

certain delays [41]. The cases of delayed measurements

are studied in [44, 42]. An extension to descriptor delay

systems is presented in [45].

5 The case of LPV models

Consider an LPV system:

ẋ = [A0 + ∆A(ρ(t))]x+ d(t), y = Cx+ v(t), (17)

where x ∈ R
n is the state, y ∈ R

p is the output available

for measurements, ρ(t) ∈ Π ⊂ R
r is the vector of schedul-

ing parameters, ρ ∈ Lr
∞. The values of the scheduling

vector ρ are not available for measurements, and only

the set Π of admissible values is known. The matrices

A0 ∈ R
n×n and C ∈ R

p×n are known, the matrix func-

tion ∆A : Π → R
n×n is piecewise continuous. Therefore,

the results of this section are given for the worst case

where the dependency between the system parameters are

not assumed to be available. The signals d : R+ → R
n

and v : R+ → R
p are the disturbances and measurement

noise respectively.

Assumption 3. Let x ∈ Ln
∞ and x(0) ∈ [x0, x0] for

some known x0, x0 ∈ R
n; d(t) ≤ d(t) ≤ d(t) and −V Ep ≤

v(t) ≤ V Ep for all t ≥ 0 and some known d, d ∈ Ln
∞ and

V > 0; ∆A ≤ ∆A(ρ) ≤ ∆A for all ρ ∈ Π and known

∆A,∆A ∈ R
n×n.

In the system (17), the uncertainties are due to the initial

state, the noises, the disturbances and also to the fact that

the matrix ∆A(ρ) belongs into the interval [∆A,∆A] for

all t ≥ 0. The interval [∆A,∆A] is easy to compute for a

given set Π and known ∆A(ρ).

The goal is to design an interval observer for the

system (17). Before introduction of the interval observer

equations note that for a matrix L ∈ R
n×p the system

(17) can be rewritten as follows:

ẋ = [A0 − LC]x+ ∆A(ρ(t))x+ L[y − v(t)] + d(t),

and according to Lemma 1 and Assumption 3 we have for

all ρ ∈ Π:

∆A+x+ − ∆A
+
x− − ∆A−x+ + ∆A

−
x− ≤ ∆A(ρ)x

(18)

≤ ∆A
+
x+ − ∆A+x− − ∆A

−
x+ + ∆A−x−

provided that x ≤ x ≤ x for some x, x ∈ R
n.

The following interval observer structure is proposed

[46, 38] for the LPV system (17):

ẋ = [A0 − LC]x+ [∆A+x+ − ∆A
+
x−

−∆A−x+ + ∆A
−
x−] + Ly − |L|V Ep + d(t),

ẋ = [A0 − LC]x+ [∆A
+
x+ − ∆A+x− (19)

−∆A
−
x+ + ∆A−x−] + Ly + |L|V Ep + d(t),

x(0) = x0, x(0) = x0.

Note that due to the presence of x+, x−, x+ and x−, the

interval observer (19) is a globally Lipschitz nonlinear

system. In addition, in (19) the dynamics of x and x are

interrelated.

Theorem 3. [38] Let assumption 3 be satisfied and the

matrices A0 −LC, A0−LC be Metzler. Then the relations

x(t) ≤ x(t) ≤ x(t) hold for all t ≥ t0. Furthermore, if

there exist P ∈ R
2n×2n, P = PT ≻ 0 and γ > 0 such

that the following Riccati matrix inequality is verified

GTP + PG+ 2γ−2P 2 + γ2η2I2n + ZTZ ≺ 0, (20)

where η = 2n||∆A − ∆A||max, Z ∈ R
s×2n, 0 < s ≤ 2n

and

G =

[

A0 − LC + ∆A+ −∆A−

−∆A
−

A0 − LC + ∆A
+

]

,

then x, x ∈ Ln
∞. In addition, the operator [d, d] → Z[x, x]

in (19) has an L2 gain less than γ.

Note that if there are no gains such that A0 − LC and

A0 − LC are Metzler, then a transformation of coordi-

nates T can be used for (19) in order to relax such re-

quirement. The Riccati matrix inequality from Theorem

3 can be reformulated in terms of LMIs with respect to

L, L and P [38]. In addition, the observability property

is not explicitly required in this section. However, with-

out the detectability, the Riccati inequality (20) may not

have a solution.

Example 1. Consider a nonlinear system [38]:

ẋ =





ǫ cos t 1 + ǫ sin x3 ε sin x2

ε sin x3 −0.5 + ǫ sin t 1 + ǫ cos 2t

ε sin x2 0.3 + ε cos 2t −1 + ǫ sin t



 x (21)

+





6 cosx1

sin t+ 0.1 sinx3

− cos 3t+ 0.1 sin 2x2



 , y = x1 + v(t), (22)

where ǫ = 0.01 and ε = 0.001. We assume that V = 0.1,

and for simulation we take v(t) = V (sin 5t + cos 3t)/2.
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Fig. 1: The bounds (green and blue) of the unmeasured states

x2 and x3 of the LPV system (21) - (22), the actual (unknown)

state in red.

For initial conditions |xi(0)| ≤ 5 the system has bounded

solutions. This system can be presented in the form of

(17) for

A0 =





0 1 0

0 −0.5 1

0 0.3 −1



 , ∆A =





ǫ ǫ ε

ε ǫ ǫ

ε ε ǫ



 = −∆A,

b(t, y) =





6f(y)

sin t− 0.1

− cos 3t− 0.1



 , b(t, y) =





6f(y)

sin t+ 0.1

− cos 3t+ 0.1



 ,

f(y) =

{

cos y cosV if cos y ≥ 0

cos y if cos y < 0
− | sin y| sin V,

f(y) =

{

cos y if cos y ≥ 0

cos y cosV if cos y < 0
+ | sin y| sin V

and a properly selected ρ, clearly assumption 3 is satisfied.

A solution of the LMIs formulated for Theorem 3 gives

the L2 optimal solution [38]:

L =





82.923

−3e− 4

−4e− 4



 , L =





97.16

−2e− 5

−1e− 5





for γ = 31.4. The results of interval simulations for the

variables x2 and x3 are given in Fig. 1 (the variable x1 is

omitted since it is available for measurements).

6 Case of LTV systems

LTV systems can be considered as a special case of LPV

ones when the vector of scheduling parameters is a func-

tion of time and available at the design stage. Inter-

val observers have been proposed for LTV systems in

[47, 48], where different variants of transformations of

time-varying systems to nonnegative forms are presented.

Consider an LTV system described by:






ẋ(t) = A(t)x(t) + d(t),

y(t) = C(t)x(t) + v(t),

x(t0) ∈ R
n, t ≥ t0 ≥ 0,

(23)

where x(t) ∈ R
n, d(t) ∈ R

n, y(t) ∈ R
p and v(t) ∈ R

p are

respectively the state vector, an unknown but bounded

input, the output vector and a bounded noise. Let x(t0) ∈

[x0, x0] for some known x0, x0 ∈ R
n; d(t) ∈ [d(t), d(t)] for

all t ≥ t0, where d, d ∈ Ln
∞; v(t) ∈ [v(t), v(t)] for all t ≥ t0,

where v, v ∈ Lp
∞.

In [48], an effective technique has been proposed to

build an interval observer for systems described by (23).

Assumption 4. There exist bounded matrix functions

L : R → R
n×p, M : R+ → R

n×n, M(·) = M(·)T ≻ 0

such that for all t ≥ t0,

Ṁ(t) +D(t)TM(t) +M(t)D(t) ≺ 0,

D(t) = A(t) − L(t)C(t).

Assumption 4 is a conventional requirement for LTV sys-

tems [49]. Under this assumption, the observer gain L(t)

and the matrix function M(t) are such that the stabil-

ity of the LTV system ẋ(t) = D(t)x(t) can be proven

by taking V (t) = x(t)TM(t)x(t) as a Lyapunov function.

It determines the output stabilization conditions of the

system (23) which can be rewritten as:
{

ẋ(t) = D(t)x(t) + d̃(t),

y(t) = C(t)x(t) + v(t)
(24)

with d̃(t) = d(t)−L(t)v(t)+L(t)y(t). When the gain L(t)

is computed such that the closed loop matrix D(t) is sta-

ble and Metzler, the observer design is similar to the ones

for LTI and LPV systems. In [48], such a restrictive condi-

tion has been avoided. The methodology is based on the

D-similarities approach developed in [50, 51, 52], where

time-varying matrices are transformed under a Metzler

form.

Proposition 1. There exists a time-varying transforma-

tion z = T (t)x transforming D(t) into a Metzler matrix

Γ(t):

Γ(t) = T (t)
(

D(t)T−1(t) − d(T−1(t))/dt
)

(25)
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where T (t) = P (t)L−1(t) with

Γ(t) =













λ1(t) 1 · · · 0

0 λ2(t)
. . .

...
...

. . .
. . . 1

0 · · · 0 λn(t)













. (26)

The elements λi(t) are called Essential D-eigenvalues of

D(t) (or ED-eigenvalues, see Definition 3.1 in [50]).

Theorem 4. [48] Let assumption 4 be satisfied for (23)

and ‖y(t)‖ ≤ Y for all t ≥ t0 for a known constant Y > 0.

Given the matrix T defined in Proposition 1 and assume

that ∃ M1 ∈ R+ such that ‖T (t)‖ + ‖T−1(t)‖ ≤ M1 for

all t ≥ t0. Then,

ż(t) = Γ(t)z(t) + dobs(t) + Ψobs(t) + Tobs(t)y(t)

ż(t) = Γ(t)z(t) + dobs(t) + Ψobs(t) + Tobs(t)y(t)

is an interval observer for (24) and

z(t) ≤ T (t)x(t) ≤ z(t), ∀t ≥ t0,

where dobs(t) = T+(t)d(t) − T−(t)d(t), Tobs(t) =

T (t)L(t), Ψobs(t) = T−
obs

(t)v(t) − T+
obs

(t)v(t), dobs(t) =

T+(t)d(t)−T−(t)d(t), Ψobs(t) = T−
obs

(t)v(t)−T+
obs

(t)v(t).

The estimation in the original coordinates x is obtained

using Lemma 1 with z and z.

7 Case of switched systems

Consider a continuous-time switched system described

by:

{

ẋ (t) = Aσ(t)x (t) +Bσ(t)u (t) + w (t)

ym (t) = Cσ(t)x (t) + v (t)
, σ (t) ∈ I

(27)

where x ∈ R
n, u ∈ R

m, ym ∈ R
p, w ∈ R

n, v ∈ R
p are the

state vector, the input, the output, the disturbance and

the measurement noise respectively. q = σ (t) is the index

of the active subsystem and is assumed to be known. Aq,

Bq and Cq are constant matrices of appropriate dimen-

sions.

The aim is to derive two signals x (t) and x (t) such

that x (t) ≤ x (t) ≤ x (t) ,∀t ≥ 0 holds despite the dis-

turbances and uncertainties provided that x0 ≤ x0 ≤ x0

is satisfied. As in the previous sections, we assume that

the measurement noise and the state disturbances are as-

sumed to be unknown but bounded with a priori known

bounds such that −w (t) ≤ w (t) ≤ w (t) , and −V Ep ≤

v (t) ≤ V Ep,∀t ≥ 0, where w : R+ → R
n, w (t) ∈ Ln

∞

and V > 0.

As in [53, 54], assume that there exist gains Lq such

that the matrices (Aq − LqCq) are Metzler for all q ∈ I,

where the matrices Lq (q ∈ I) denote the observer gains

associated with each subsystem q.

A candidate interval observer structure to compute x

and x is described by:

{

ẋ = (Aq − LqCq)x+Bqu+ w + Lqym + |Lq|V Ep

ẋ = (Aq − LqCq)x+Bqu− w + Lqym − |Lq|V Ep

(28)

The following theorem gives the conditions for achieving

the desired design goal.

Theorem 5. [55] Given x0, x0 ∈ R
n. Let Assumption 1

be satisfied and x ∈ Ln
∞. If there exist λ, η ∈ R

n, λ > 0,

η > 0, matrices Wq ∈ R
n×n and positive scalars αq, ∀q ∈

I such that







AT
q S + SAq − CT

q W
T
q −WqCq + αqS ≺ 0

AT
q S − CT

q W
T
q + diag (η) ≥ 0

S = diag (λ)

(29)

then, the solutions of (28) and (27) satisfy x, x ∈ Ln
∞ and

the inclusion

x(t) ≤ x(t) ≤ x(t)

provided that x0 ≤ x0 ≤ x0, where Lq = S−1Wq.

Remark 1. The system (28) is initialized with the initial

conditions x0 and x0 for the first active subsystem. At

the switching time instant ti+1, the output of the previous

active subsystem (q = σ(ti)) is used to initialize (28) with

the subsystem (q = σ(ti+1)). �

In the LMI (29), only the stability of the interval observer

(28) is ensured. As in the case of non-switched systems,

this LMI can be reformulated to find observer gains Lq

minimizing the total interval estimation error x − x as

in [56, 27, 40]. The main limitation of the approach de-

tailed in this section is the existence of gains Lq such

that the matrices (Aq − LqCq) are Metzler for all q ∈ I.

To overcome this problem, some techniques which consist

in finding a change of coordinates that transforms the ob-

servation errors into cooperative forms are proposed in

[55, 57, 58]. The changes of coordinates proposed for in-

stance in [29, 59] for continuous systems can be used to

transform the matrices (Aq − LqCq) into a Metzler form.

Example 2. Consider a system (27) with I = 1, 2 and

A1 =

[

−3 0 0.5

0 −2.754 0

0 0 −1

]

, A2 =

[

−2.5 0 0.2

0 −0.452 0

−1 0 −1

]
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B1 = B2 =
[

1 1 0
]

T

, C1 =
[

0 0 1
]

,

C2 =
[

0 1 0
]

w (t) and v (t) are uniformly distributed bounded signals

such that −w ≤ w (t) ≤ w with w = [0.015 0.015 0.015]T

and −V Ep ≤ v (t) ≤ V Ep with V = 0.05.

For this simple example, it is not easy to com-

pute gains Lq satisfying (29) and the interval ob-

server (28) cannot be applied. However, it is possi-

ble to determine matrices P1, P2 such that P1(A1 −

L1C1)P−1
1 and P2(A2 − L2C2)P−1

2 are Metzler [58].

Using the Matlab LMI toolbox, one feasible solution

is given by: L1 =
[

0.9226 0 −0.0111
]T

, L2 =
[

0 1.9007 0
]T

. The results of simulation of the ob-

tained observer are depicted in Fig. 2 where solid lines

present the state and dashed lines present the estimated

bounds. The input signal u (t) is a square signal with

frequency 2Hz and magnitude 0.5. The switching be-

tween the two subsystems is governed by the switching

signal plotted in Fig. 3. The interval observer (28) is

used with a change of coordinates. It is initialized with

−x0 ≤ x0 ≤ x0 with x0 =
[

0.2 0.2 0.2
]T

. The

0 2 4 6 8 9 10 11 12 14
-0.4
-0.2

0
0.2

0 2 4 6 8 9 10 11 12 14
-2

-1

0

upper bound x
max

lower bound x
min

state x

0 2 4 6 8 9 10 11 12 14
-1

0

1

T ime (s)

x
3

x
2

x
1

Fig. 2: Simulation results of the second example. The actual state

and their bounds are plotted.

simulations show that the actual state belongs into the

interval defined by the lower and upper bounds (inclusion

property). In addition, the upper and lower observers are

stable despite the switching instants.

t
0 2 4 6 8 9 10 11 12 14

0.5

1

1.5

2

2.5
switching signal

Fig. 3: Switching signal.

8 Conclusion

Some recent results on interval observers for continuous-

time systems have been presented in this overview. In-

terval observers can be considered as conventional point-

wise observers with a point estimate and an uncertainty

quantification respectively given by the midpoint and the

radius of each interval. This overview can be completed

in a further paper by some results on discrete-time sys-

tems [23, 24, 25, 26, 27, 28], joint unknown and input

estimation [60, 61] and applications of interval observers

in the field of robust control [62, 26, 63, 64, 65], diagnosis

[66, 67, 68, 69], prognosis [70] and automotive [71, 72].

In addition, sliding mode control and other estima-

tion techniques are well known for their compensation of

matched disturbances and finite-time convergence. Com-

bination of sliding mode differentiators and interval ob-

servers is investigated in [22]. More generally, the com-

bination of standard and interval observers can be con-

sidered as an appealing research issue for future works.

Furthermore, a lot of open problems are still open in the

field of interval observers design, namely for time-delay

[41], hybrid [73, 58] and distributed [74] systems. The

optimization of the width of interval estimation remains

also an interesting issue in the field of linear parameter

varying systems.
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